Chapter 4

Transonic Wing Design Optimization

Based on EvolutionaryAlgorithm

4.1 Introduction

Theobject iveof this chapt er is to ensurethefeasibility of t hepresent EA in aerodyna mic design optimizations. A transonic wing shapedesign optimization wil l bedemonstrated. Section 4.2 gives an over view of aerodyna mic wing design goals. Formulation of thepr esent design problem is present ed in Section 4.3. Sections 4.4 and 4.5 descr ibethedetails of thepresent CFD codeand structural model, respect ively. Sect ion 4.6 presents thepresent EA. Thedesign results areshown i n

Section 4.7.

4.2 Aerodynamic Wing Design Goals

A largepart of themaximumtakeoff weight of a typical transonic commer cia l aircraft is occupied by drag - related weights (i.e. fuel and en gine size). Therefor e, theobject iveof a n aerodyna mic optimization of a transonic wing is, in principle, minimization of its drag. Total drag of a transonic wing is composed of pressur edrag, skin frict ion drag, induced drag, and wavedrag. Because skin f riction drag is ma inly det er mined by t heaircraft ´ s total surfacearea and thefriction coefficient, if a planfor mshapeand theflow condit ions aregiven, thedesign goals of a transonic wing shape optimization areusually minimizations of theot her drag components, i. e., pressuredrag, induced drag, and wavedrag.

Pressuredrag is derived fromt henet component of a surfacepressuredistribution in the horizontal direct ion. Alt hough this drag component is usually smaller than theot her, flow separation on theupper surfaceof a wing ca n drastically increase the pressuredrag. Hence, one important design goal is to reducepressuredrag by realizing fully attached flow.

Reduct ion of t he induced drag associating with t he wing - tip vortices is a not her significa nt factor in design ing a finit e wing because it constitut es a largepart of the total drag. Theinduced dra g is int erpret ed as caused by threephysical phenomena . First thewing - t ip vortices simply alter theflow field in a fashion to cha ngethesurfacepr essuredistribution in t hedirection of incr easing drag. The second is that thelift vector is tilt ed back, which results in incr easeof drag forcebecauseof the downward cant ed local wind about thewing. Thelast is thelost kinet ic energy to generat eth ewing - tip vortices. It is well known that elliptical lift distribution gives theminimuminduced drag (for exa mple, see[1]) . On theother hand, theparabolic lift distribution is known to givetheminimuminduced dra g when thestructural constraint is co nsidered [ 2 ].

R educt ion of the wa vedrag is also critical for a successful transonic wing design. Theshoc k waves themselves result in an increasein drag. But in addition, thesharp pressureincreaseacross the shock wa ves causes theflow t o separatefro mthesurface. Such flow separation can createsubstantial increasein drag. Thus, thelast design goal is not to haveany significant shock waves.

Unfortunately, drag minimization for itself is no goal for a wing design. Therear e considerablenumber of t radeoffs. Oneof thema in tradeoffs is bet ween drag and wing structureweight.

An increasein t hewing thickness allows t hesa mebending moment t o becarried wit h r educed ski n thickness wit h an accompanying reduct ion in weight. On theother hand, it will l ea d to an incr easei n wave drag . Ther eis also a tradeoff bet ween drag and lift becauseinduced drag incr eases in proportion to thesquareof thelift. For instance, a wing that achieves no induced drag would haveno lift.

Ther efor e , theobject ives of an a erodyna mic wing opt imization can typically characterized as minimization of each components of thet otal drag with constraints to maintain ther equir ed lift and t he wing thickness, or maximization of lift - to - drag ratio L/D with constraints on thewing thic kness.

4.3 Formulation of Optimization Problem

Theobject iveof thepr esent wing design problem is maximization of L/D at thetransoni c cruisedesign point, maintaining theminimum wing thickness requir ed to stand thebending moment dueto t helift distri bution. Thecruising Mach number and theangleof attack areset to 0.8 and 0 degr ee, respect ively . Thea erodyna mic perfor mance L/D is evaluated by t he Navier - Stokes codet hat will bedescribed in S ec. 4.4 on theassumption t hat the R eynolds number based o n theroot chord is

10 7 .

In t he present optimization , the planfor mof the supercritical wing in the NASA Energy

Efficient Transport ( EET ) Progra m [ 3 ] was select ed as thetest configuration for thefollowing design cases (Fig.4.1) . Wing profiles of design c andidates aregenerated by thePARSEC airfoils. The

PARSEC paramet ers and thesect ion angleof attack (in ot her words, root incident angleand twist angle) aregiven at seven span sect ions , of which spanwiselocations area l so treat ed as design variables e xcept for thewing root and tip locations. The PARSEC paramet ers arerearranged from root to tip according to theairfoil thickness so that theresulting wings always ha vemaximumt hickness at thewing root. T het wist angleparamet er is also r earranged int o numer ical order fromtip to root. The wing surface is then int erpolated in spanwised i rection by using thesecond - order Splineint erpolation

(Fig. 4.2) . In total, 87 paramet ers det er mine a wing geometry . Paramet er ranges of thedesign spaceare shown in Table4.1. It should benot ed t hat in ARGAs, user - defined design spaceis used just for the distribution of t heinit ial population. ARGA can promot ethe search spaceoutsideof t heuser - defined design space even if it is ill defined .

Fig.4.1 Wing planform

0 0.2 0.4 0.6 0.8 1

CONTROL POINTS

SPLINE

2Y/B

Fig. 4.2 Splineinterpolation

Table4.1 Parameter ranges of thedesign space parameters r LE Z TE a TE b TE X UP Z UP Z XXUP X LO Z LO Z XXLO twist angle upper - bound 0.030 0.01 - 3.00 8.00 0.70 0.18 0.00 0.60 0.02 0.90 7 degs.

lower - b ound 0.002 - 0.01 - 13.00 4.00 0.30 0.08 - 0.30 0.20 - 0.04 0.30 - 1 degs.

4.4 CFD Analysis for Aerodynamic Design

The flow physics can berepr esent ed by a widerangeof approximations . Among them, the

Reynolds - a veraged Navier - Stokes equations provide thestat e - of - aft of aerodyna mic perfor manc e evaluation. Alt hough a Navier - Stokes calculation requires largecomput er resources to est imat ewing perfor mances within a reasonabletime, t hethr ee - dimensional Navier - Stokes equations must besolved becauseflows around a wing involvesignificant viscous effects, such as potential boundary - layer separations and shock wave/boundary layer int eractions in thetransonic regime. In this chapter , a three - dimensional thin - layer Reynolds - averaged Navier - Stokes solver will beuse d t o guaranteea n accuratemodel of t heflow field to demonstrate thefea sibility of E A met hodology. This code employs total variation diminishing typeupwind differ encing, the lower - upper symmetric Gauss - Seidel scheme , and themultigrid method . In thefol lowing subsections, details of thepresent codewill beshown.

4.4.1 Symbols

� Q generalized - coordinateconserved variables

� , � , � E F G generalized - coordinateinviscid fluxes

� , � , � E F G

v v v generalized - coordinate viscous fluxes

� S generalized - coordinateviscous thin - layer fluxes

t ,

t time x h V

, , generalized curvilinear coordinates r density u v w

, , vector components of velocity

U V W

, , contravariant velocity components p pressure e internal energy per unit mass

T temperature m viscous coefficient g ratio of specific heats

Re Reynolds number c speed of sound

NN total number of grid points

A B C

, , inviscid flux Jacobian matrices

D t time step size

( ) r A spectral radius of A

R right eigenvector matrix

L eigenvaluema t rix

L left eigenvector matrix

I identity matrix

Subscripts:

¥ free - streamvalues i j k

, , indices of grid point

R theright stateof cell interface

L theleft stateof cell interface

Superscripts:

± splitting dueto thesign of eigenvalues n timelevel

4.4.2 Governing Equations

Thet hree - dimensional, compr essible, thin layer Navier - Stokes equations areused t o evaluat e aerodyna mic perfor ma nceof a three - dimensional wing. Under a generalized curvilinear coor dinat e system ( x,h,z ) , the Navier - Stokes equations arewritten in thestrong conservation law formas

) ( Re 1 v v v

G F E G F E Q

� � � � � � �

+ + = + + + -

( 4 .1) where

÷

÷

÷

÷

÷

÷ ø

ö ç

ç

ç

ç

ç

ç è

æ

= - e

w

v

u

J Q 1 � ,

÷

÷

÷

÷

÷

÷ ø

ö ç

ç

ç

ç

ç

ç è

æ

- +

+

+

+

= - p p e U

p wU

p vU

p uU

U

J E t

z

y

x

) (

� 1 ,

÷

÷

÷

÷

÷

÷ ø

ö ç

ç

ç

ç

ç

ç è

æ

- +

+

+

+

= - p p e V

p wV

p vV

p uV

V

J F t

z

y

x

) (

� 1

÷

÷

÷

÷

÷

÷ ø

ö ç

ç

ç

ç

ç

ç è

æ

- +

+

+

+

= - p p e W

p wW

p vW

p uW

W

J G t

z

y

x

) (

� 1 ,

÷

÷

÷

÷

÷

÷ ø

ö ç

ç

ç

ç

ç

ç è

æ

+ +

+ +

+ +

+ +

= -

5 5 5

1

0

� h g f

J E z y x

zz z zy y zx x

yz z yy y yx x

xz z xy y xx x v

÷

÷

÷

÷

÷

÷ ø

ö ç

ç

ç

ç

ç

ç è

æ

+ +

+ +

+ +

+ +

= -

5 5 5

1

0

� h g f

J F z y x

zz z zy y zx x

yz z yy y yx x

xz z xy y xx x v ,

÷

÷

÷

÷

÷

÷ ø

ö ç

ç

ç

ç

ç

ç è

æ

+ +

+ +

+ +

+ +

= -

5 5 5

1

0

� h g f

J G z y x

zz z zy y zx x

yz z yy y yx x

xz z xy y xx x v

2 1 1

5 ) 1 ( c P w v u f x r xz xy xx

- - - + + + =

2 1 1

5 ) 1 ( c P w v u g y r yz yy yx

- - - + + + =

2 1 1

5 ) 1 ( c P w v u h z r zz zy zx

- - - + + + = with thestress terms,

) 2 (

3

2 z y x xx

w v u - - =

Ø ) 2 (

3

2 x z y yy

u w v - - = Ø ) 2 (

3

2 y x z zz

v u w - - = Ø

) ( x y yx xy

v u + = = Ø ) ( y z zy yz

w v + = = Ø ) ( z x xz zx

u w + = =

Metrics and Jacobian aregiven by

) ( z y z y J x

- = Ø ) ( x z x z J y

- = Ø ) ( y x y x J z

- = Ø

) ( z y z y J x

- = Ø ) ( x z x z J y

- = Ø ) ( y x y x J z

- =

� �

= ( 4 .3)

Thethin layer approximation ma y break down for low Reynolds numbers and in regions of massive

f low separation.

4.4.3 Numerical Algorithm

Following Warming and Bea m[ 4 ], an implicit t hree - point timedifferencing scheme ca n be

written as

( )

ú

û ù

ê

ë é

D + D ÷

ø ö

ç

è æ - - + D

+

+

+

D

+ D

+

D

= D - 32 1

2

1

1 1 1 t t O Q Q

t t Q

t t Q n n n n

j J j

j

¶

¶ j ¶

¶ j

J

� � � �

( 4 .4) wher e n n n Q Q Q

� � � - = D + 1 and ) ( t n Q Q n D = D � �

. For thefirst - order scheme in timethe paramet ers and become1 and 0, respectively. Applying Eq.(4.4) to Eq. (4.3) , oneobtains

0 ) � � � � ( � � 1 1 1 1 1 1 = - + + + - +- + + + + n n n n n n SRe G F E h Q Q ( 4 .5) where t h D = .

Using Eq.(4.5), 1 + n Q

� can beo btained fromgiven n Q

�

. Theflux vect ors E

�

, F

�

, G

� and S

� arenonlinear funct ions of Q

� and ther efor eEq. (4.5) is nonlinear in 1 + n Q

�

. Thenonlinear ter ms ar e linearized in timeabout n Q

� by a Taylor expansion such that

) ( � � � � 2 1 hO Q A E E n n n n + D + = +

) ( � 2 1 hO Q B F F n n n n + D + = + � � �

) ( � 2 1 hO Q C G G n n n n + D + = + � � �

( )

) ( � � � � 2 1 1 1 1 hO Q M J S Re S Re nn n n + D + = - - + - (4.6) wher e Q E A � � � = , Q F B � � � = , Q G C � � � = and Q S M � � � = aretheflux Jacobians and n Q

� D is

( ) h O .

Applying Eq. (4.6) to Eq. (4.5)and combining the n Q

� D ter ms produces the^delta form~ of thealgorithm, oneobtains

( ) [ ] ( ) n n n n n n n n SJCBEh Q M J Re C B A h I � Re � � � � � � � � 1 1 1 1 -- - - - + + - = D - + + +

(4.7)

Theleft and right hand sideof Eq. (4.7) arecalled as the^implicit~ and ^explicit~ parts of the algorithm, respectively.

4.4.3.1 LU - SGS Method

TheLU - SGS (lower - upper symmetric Gauss - Seidel) algorit hmis efficient and robust implicit relaxation scheme originally suggest ed by Yoon [ 5 ]. A slight ly modified for mof the LU - SGS method [ 6 ] is given by

( ) ( ) ( ) [ ]

1 , , ,1 , , ,1

� � �

-

+

-

+

-

+ D + D + D k j i k j i k j i Q C h Q B h Q A h

� � � k j i

Q I C h C h B h B h A h A h I

, ,

2 �

Re

� � � � � � D ú û

ù ê ë

é

Ñ

×

+ - + - + - + + -+ - + - +

( ) ( ) ( ) [ ]

1 , , ,1 , , ,1

� � �

+

-

+

-

+

- D + D + D + k j i k j i k j i Q C h Q B h Q A h

� � �

RHS = (4.8a) where

{ }

I A I A A

s

A ) � (

2

) 1 ( ) � ( �

2

� - ± ± =

±

± ,

{ }

I B I B B

s

B ) � (

2

) 1 ( ) � ( �

2

� - ± ± =

±

±

{ }

I

Re

I C I C C

s

C 2 ) � (

2

) 1 ( ) � ( �

2

� Ñ

×

± - ± ± =

±

± (4.8b)

[ ]

[ ] ï î

ï í

ì

< + + ± + + + ±

³ + + ± + + + ±

=

0 ) ( , 0

0 ) ( , 1

2 2 2

2 2 2 z y x z y x t

z y x z y x t k c w v u if

k c w v u if s k k k k k k k

k k k k k k

(4.9) wher e ,, = k and 01.1= typically. ± A � ± B � and ± C � areconstru ct ed so that the eigenvalues of ^+~matrices arenonnegativeand thoseof ^ - ~ matrices arenonpositive. By Eq.

(4.8b), thepresent numerical met hod eliminat es theneed for block diagonal inversions. Notet hat this is a two - factored schemeso that thealgor ithmcan bewritten as

Forward sweep :

( ) ( ) ( ) [ ]

1 , , ,1 , , ,1 , , , ,

� � �

-

+

-

+

-

+ ¢D + ¢ D + ¢ D + = ¢ D k j i k j i k j i k j i k j i Q C h Q B h Q A h RHS Q

� � � � k j i

t I

Re

C h B h A h

, ,

2 2 ) � ( ) � ( ) � ( 1 ÷ ÷ ø

ö ç ç è

æ

Ñ

×

+ + + + + (4.10)

Backward sweep :

( ) ( ) ( ) [ ]

1 , , ,1 , , ,1 , , , ,

� � �

+

-

+

-

+

- ¢D + ¢ D + ¢ D - ¢ D = D k j i k j i k j i k j i k j i Q C h Q B h Q A h Q Q

� � � � � k j i

t I

Re

C h B h A h

, ,

2 2 ) � ( ) � ( ) � ( 1 ÷ ÷ ø

ö ç ç è

æ

Ñ

×

+ + + + + (4.11)

Though this scheme requir es no block - matrix inversion, it introduces largedissipation through t he timeint egration. Only when t hesolution converges to a steady state, its effect banishes. Although the

LU - SGS met hod is first - order accuratein timesimilar to ot her implicit met hods, unstea dy calculations haveto becarried out carefully wit h theLU - SGS met hod. Theuseof Newt on it eration [ 7,8 ] will be beneficial not only for removing theexcess dissipation but also for obtaining t hesecond - order accuracy in time.

4.4.3. 2 HLLE W Scheme

Thecell - vert ex finit e - volume met hod areapplied to the ex plicit part of Eq. (4.7) to approximatethedifferential operators and as

[ ]

) � � ( � � � � � �

2 1 2 1 2 1 2 1 2 1 2 1 2 1 2 1

1 1 n k

n k

n k

n k

n j

n j

n i

n i

S S J Re G G F F E E h RHS

- +

- -

- + - + - +

- - - + - + - - @ (4.12)

Thecell int erfaceflux is evaluat ed by theHLLE W (Harten - Lax - va n Leer - Einfeldt - Wa da ) met hod [ 9 ] as

[ ]

) � � ( � ~ � � �

2

1 �

2 1 L R R L i

Q Q L R E E E - L - + =

+ (4.13) where

L ¢ +

-

- L

-

+

= L

- +

- +

- +

- +

I b b

b b b b

b b

L R

L R

L R

L R 2 ~

[ ]

2 2 2 2 2 2 , , , , Diag z y x z y x

c U c U U U U + + - + + + = L

[ ]

0 , 0 ), , min( 2 ), , min( 2 ), , min( 2 Diag - + - + - + - - - = L ¢

L R L R L R

b b b b b b

÷

÷ ø

ö ç

ç è

æ

=

2

1

, min

1

LR

�

2

1

c p D - D =

Theoverbar indicat es Roe - averaged quantit ies. This scheme satisfies all thestabilit y, entropy, and

positively conservativeconditions required for thenonlinear difference equations .

TheHLLE scheme approximat es t hesolut ion of t he Riema nn problem with t wo waves

propagating with speed

( )

0 , , max 222 2 2 2

z y x R R z y x R c U c U b ++ + + + + =

and

( )

0 , , min 222 2 2 2

z y x L L z y x L c U c U b ++ - + + - =

and a state Q LR between t hose waves. Compared wit h theRoe scheme, theHLLE scheme introduces

largenumer ical dissipation at contact discontinuities. TheHLLE W schemeimpr oves theresolution at

contact discontinuities by adding ¢L . Theresult ing scheme reduces to theR oescheme when d =1/2

and t o theHLLE scheme when d =0. Because s 1 represents a jump in entropy, it is zero for isentropic

flows. Then, thepresent scheme r esults in theR oescheme. As thejump in entropy becomes large, the

present schemeturns into theHLLE scheme .

4.4.3 .3 Modified DifferentiableLimiter

Higher - or der numerical fluxes areobtained fromhigher order int erpolation of theprimit ive variables for theleft and right states at thecell interface[ 10 ] as

{ }

i i L V V ú û ù

ê ë é D + + Ñ - + = + ) 1 ( ) 1 (

4

1 2 1

{ }

1 2 1 ) 1 ( ) 1 (

4

1 + + ú û ù

ê ë é D - + Ñ + - =

i i R V V (4.14)

wher e V is the primitive flow variable s . Ñ and D arebackward and forward differ enceoperations,

respect ively. Third - order int erpolation is obtained from k =1/3 . Thelimit er function f in [ 11 ] and [ 12 ]

is given as

2 2

2

3 ) ( 2

3 ) (

i i i i i i i i i V V V V

V V V

+ D × Ñ + Ñ - D

+ D × Ñ = (4.15)

In this paper, e i 2 is given by

( )

12 3 2 10, 0 . 24 max - - Ñ =

i i (4.16)

4.4.3.4 Turbulence M odel

Nondimensional viscous coefficient is given by a sumof laminar and turbulent viscosities as

¥ ¥ ¥

+ = t l (4.17)

Laminar viscosity m l is defined by using Sutherlandś formula as

÷ ÷

ø ö

ç ç

è æ

+

+

÷ ÷

ø ö

ç ç

è æ

= ¥

¥ ¥ 0

0 2

3

T T

T T

T

T

l , K

T 110

0

= (4.18)

Turbulent viscosit y m t is calculated by an algebraic mixing lengt h model by Baldwin - Lomax [ 13 ].

Theinner layer is gover ned by thePrandtl mixing length with Van Driest damping, and theout er layer

follows theCaluser approximation. Comput ed vorticit y is used in defi ning therefer encemixing lengt h

requir ed for theout er layer. Theturbulencemodel was designed specifica lly for usewith thethin layer

approximation. Themodel is appropriateto attached and mildly separated boundary layers.

Turbulent viscosity can bew ritten as

ï î ï

í ì

=

=

=

) (

2

y F F KC l

KLEB

WAKE CP outer t inner t

t y y y y

crossover crossover

£

£

(4.19) where

[ ]

) exp( 1 + + - - = A y ky l ,

w w w y

y = + ,

( ) ( ) ( ) 2 2 2

z u

x w

y w

z v

x v

y u - + - + - =

( )

max

2

max max max

, min F u y C F y F

diff WK WAKE

= �

( )

1 6

max

5 . 5 1

-

ú ú

û ù

ê ê

ë é

÷ ÷

ø ö

ç ç

è æ

+ =

y y C y F KLEB

KLEB

( ) ( )

min

2 2 2

max

2 2 2 w v u w v u u

diff

+ + - + + =

y is thedistancefromwall and y crossover is theminimumdistancesatisfying

outer t inner t

³ . F max is the

maximumvalueof thefollowing function

( ) ( ) [ ]

+ + - - = A y y y F exp 1 (4.20)

and y ma x is a distancefromwall to F max location. Theabovecoefficients aredefined as

26 = + A , 4 . 0 = k , 6 . 1 =

CP

C , 3 . 0 =

KLEB

C , 0 . 1 =

WK

C ,

0168 . 0 = K

4.4.3 .5 TimeStepping Technique

In thefo llowing calculations, a locally varying timestep [ 14 ] was taken as

( )

k j i rms global k j i J J t t

, ,

1 , , 1

1

- +

D = D (4.21)

where

( ) ( ) 2

1

, ,

2 1

, ,

1 1

÷ ÷

ø ö

ç ç

è æ

= å - -

k j i k j i rms

J

NN

J (4.22)

NN is a total number of grid points. This expression reduces theeffectivetimest ep in regions of

clust er ed grid whilea largetime st ep is maintained in theinviscid regions. Local time - st epping is

useful for thr ee - dimensional computations wher ehigh mesh refinement in two or morecoordinat e directions is required.

4.4.3.6 Multigrid M ethod

Multigrid t echniques ha vederived fromt heobservation that many numer ical met hods for

solving discr etized partial differ ent ial equations areadept at smoothing high frequency error

components, but area poor smoot her for lower frequency components. Convergencehistories at f irst

show a region of rapid error reduction by removing high fr equency components. However, a long

region of slow error reduction corresponding to the slow expulsion of t helow fr equency modes

follows.

Themultigrid met hod efficiently dissipates thelower frequency errors using a sequenceof

grids G h ,G 2h ,G 4h , ... whereG h denot es thefinest grid fromwhich successively coarser grids can b e

for med by deleting ever y ot her grid linein all coordinatedirections. On coarser grids, thefine - gri d

low frequency error components areresolved as higher frequencies duet o theincr eased grid spacing,

and thus they are effect ively da mped. When this correction is int erpolated back t o thefinegrid, high

frequency errors can begenerat ed but they aredamped quickly by thefine - grid smoothing it eration. A

sequenceof grids about a NACA0012 airfoil is shown in Fig. 4.3.

Themult igrid met hod used in t hecurrent study is t hefull approximat ion scheme (FAS) [ 15 ].

Thecurrent cycling strategy uses a V - cyclewit h thr eegrid le vels as shown in Fig 4.4 . On thecoarser

grids, two t imest eps areproceeded. Convergencewas not impr oved significant ly any mor eby

increasing thegrid levels in theV - cycleor by changing theV - cycleto theW - cycle.

Grid H Gr id 2H Grid 4H

Figure 4.3 Grid sequence

T : Euler/N - S calculation

C : Residual/Q collection

I : Correction interpolation

H

2 H

4 H

T Q Q c

I

I

C

C

T

T

T

I

I

C

C

T

T

GRID LEVEL

Figure 4.4 V - cycle

Themultigrid method is illustrated by a grid sequencebet ween t wo grid levels. TheEuler or

Navier - Stokes equations aresolved approximat ely on a finegrid H by dividing thed oma in int o discretecells yielding a systemof algebraic equations as

H H H H

tR Q tL Q M D - = D - = D ) ( (4. 23 ) wher e M is the explicit or implicit relaxation operator of theschemeconsider ed and L Q H H ( ) is the explicit part of Eq. ( 4 .7), corresp onding t o the current conser vativevariables Q H . Aft er Eq. (4. 23 ) is calculat ed, theresidual and thedependent variables on thefirst coarsegrid arecalculat ed by r estricting thecorresponding fine - grid values as

H

H

H H

Q I Q 2

2

= (4. 24 )

H

H

H H

R I R 2

2

=

(4.25)

A volume weight ed restriction operator I H

H 2 transfers values on thefinegrid H to thecoarsegrid 2H as å å = V VQ Q I

H

H

H

/ 2 (4. 26 ) å å = V VR R I

H

H

H

/ 2 (4. 27 ) wher ethesummations aretaken over theentir efinegr id cells which makeup thecoarsegrid cell and

V is volumeof thefine - grid cell. This restriction operator is conservativeand thus thesurfaceint egral of thefluxes crossing thecell boundaries on thec oarse grid arethesameas thecorresponding int egral on thefinegrid. Therelativetruncation error on thecoarsegrid is calculated fromthe

H

H

H H

H

H H H

R I Q I L 2 2

2 2

) ( - = t (4.28)

On the coarsegrid, a few it erations of theapproximatefactorization scheme can beconduct ed by adding therelativetruncation error as

H H H H H

tR Q tL Q M

2 2 2 2 2

) ( D-= - D - = D t (4. 29 )

Since t 2 H has been previously calculat ed, theresidual is easily calculat ed by simply calculating

L Q h h

c

2 2 ( ) fromthemost curre nt values on t hemesh and subtracting t 2 h . Theresidual on the coarser grid is thus expressed as

H H H H

Q L R

2 2 2 2

) ( t - = (4. 30 )

Thecorrection V H 2 is calculated as

H

H

H H H

Q I Q V 2

2 2

- = (4. 31 )

This cor rection is transferred to thefinegrid by using trilinear interpolation I H

H 2 .

H

H

H H

c

H

V I Q Q

2 2

+ = (4. 32 )

Thefine - grid solution is fully updated by onemoresmoothing iteration using Eq. (4.23).

Compared with t heconvent ional time - marching scheme, t heV - cycler equir es addit ional computations on coarser grids. However, on thefirst coarsegrid 2H, thecomputational efforts are reduced to 1/8 of thecalculation on thefinest grid in thet hreedimensions sincet henumber of nodes is reduced to 1/2 in each coordinatedir ect ion. Thus thecomputational cost on coarser grids is extremel y sma ll. Similarly, it becomes 1/64 on the4H grid. Thus thetotal computational cost of thepr esent

V - cyclebecomes,

2+2/8+2/64